Inelastic deformation of ceramic powders (and of a broad class of rock-like and granular materials), can be described with the yield function proposed by Bigoni and Piccolroaz (2004, Yield criteria for quasibrittle and frictional materials. Int. J. Solids and Structures, 41, 2855-2878). This yield function is not defined outside the yield locus, so that 'gradient-based' integration algorithms of elastoplasticity cannot be directly employed. Therefore, we propose two ad hoc algorithms: (i.) an explicit integration scheme based on a forward Euler technique with a 'centre-of-mass' return correction and (ii.) an implicit integration scheme based on a 'cutoff-substepping' return algorithm. Iso-error maps and comparisons of the results provided by the two algorithms with two exact solutions (the compaction of a ceramic powder against a rigid spherical cup and the expansion of a thick spherical shell made up of a green body), show that both the proposed algorithms perform correctly and accurately.
Introduction
Granular and geological materials are employed for many industrial purposes: shock and vibration absorbers, fire protection, thermal barriers, refractory products, wear protectors, electric isolators, and catalysts. They are characterized by pressure-sensitive yielding and dilatant/contractant inelastic behaviour 1 . Several yield functions have been introduced for the mechanical description of these materials, which have to satisfy different requirements, among which, the most important are convexity and smoothness, two requisites met by the yield function proposed by Bigoni and Piccolroaz [7] (see also [33, 5] ), henceforth referred to as the 'BP yield function'. Moreover, this function has an extreme 'deformability', thus results particularly appropriate to describe the granular/solid transition occurring during forming of ceramic powders [9, 46] , a crucial process in the production of many ceramic products.
Used in the context of elastoplastic modelling, the BP yield function introduces the problem that to be convex, it has been defined +∞ outside certain regions in the stress-space. Therefore, in its original form, the PB yield function cannot be implemented within an elastoplastic integration scheme, if a gradient-based return-mapping algorithm is used, for which the gradient of the yield function is needed everywhere in the stress-space [45] . If a non-convex version of the BP yield function (obtained by squaring the terms) is implemented with a return-mapping algorithm, wrong results can be produced, as a specific example will demonstrate.
The problem of the BP yield surface is also common to other yield surfaces for geomaterials [10] , so that the aim of the present article is to overcome the difficulty by proposing two algorithms: one is based on a forward Euler technique with a correction based on a 'centre-of-mass' return scheme, fully applicable to the original form of the BP yield function (defined +∞ outside the yield surface), and another based on a cutoff-substepping return-mapping algorithm that can be applied on the squared (and non-convex) version of the BP yield function. Iso-error maps and comparisons with two model problems allowing for a semi-analytical solution (the forming of a ceramic powder pressed against a rigid spherical cup and the expansion of a green body spherical shell subject to internal pressure) show that both algorithms perform correctly, with an accuracy comparable in certain regions of the stress state, even if there are regions where each algorithm is superior to the other. In particular, the 'centre-of-mass' algorithm is faster that the other, but less accurate near vertices of the deviatoric yield surface, while the cutoff-substepping return-mapping algorithm is always more accurate than the other, but can become slow for stress states near the vertices of the meridian yield surface. Finally, we may conclude that, although both algorithms have their advantages and limitations, generally speaking the cutoff-substepping return-mapping algorithm can eventually be preferred.
The 'centre of mass' integration algorithm
As mentioned in the introduction, the problem with the BP yield function is that it is defined +∞ in some regions outside the elastic domain (for p / ∈ [−c, p c ]), Fig. 1 . Therefore, an integration algorithm based on a standard return mapping technique cannot work, so that the purpose of this Section is to introduce an explicit forward Euler algorithm to solve this problem (while an implicit algorithm will be presented in the next Section defined on a 'squared version' of the yield function). 
The BP yield surface and its centre of mass
Bigoni and Piccolroaz [7] (see also [33] ) have introduced a new yield function for isotropic materials (called 'BP' in the following), defined in terms of the stress tensor σ by
where, defining the parameter Φ as
the meridian and deviatoric functions are respectively written as 2
in which p, q and θ (the Lode's angle) are the following stress invariants
functions of the second and third invariant of the deviatoric stress S
I being the identity tensor. The yield function (1)- (3) is convex when the seven material parameters defining the meridian shape function f (p) and the deviatoric shape function g(θ) lie within the following intervals
Centre of mass of the yield surface The numerical integration algorithm that will be developed later is based on the knowledge of the centre of mass of the yield surface. This, with reference to Fig. 2 , can be obtained as follows.
We begin noting that the yield surface possesses the isotropy symmetries in the deviatoric plane (see [7] ), therefore, the centre of mass of the yield surface lies on the hydrostatic axis. The infinitesimal area of the deviatoric section can be evaluated as
where
is the radius of the surface boundary evaluated with respect to the hydrostatic axis, so that the area of the deviatoric section is expressed as
Figure 2: Radius ρ(θ) and centre of mass of two indicative deviatoric sections (located at different mean stresses p) of the BP yield surface. Due to the isotropy symmetries of the deviatoric sections, the mass centres lie on the hydrostatic axis.
On application of the definition of the centre of mass
p A(p) dp
A(p) dp ,
provides the coordinate of the centre of mass of the BP yield surface along the hydrostatic axis
a formula involving all the meridian parameters of the yield function, except M .
The 'centre of mass' return algorithm
We propose a numerical integration procedure for rate elastoplastic constitutive equations based on a return algorithm which is geometrically sketched in Fig. 3 and can be syntetically described with reference to Box 1. In particular, starting from a given state at a step n [point (1) in Box 1] and after the usual trial elastic step [point (2) Box 1: The 'centre of mass' integration algorithm
(1) Given an initial state at step n, described by the variables σ n , ǫ e n , ǫ p n and given a strain increment ∆ǫ; (2) evaluate the elastic trial solution 
n+1 − σ n ; (7) find the stress σ
n+1 on the updated yield surface
(8) update the plastic deformation for the final stress state on the yield surface
There are two 'find' in the procedure explained in Box 1: the first is at point (3) and the second is at point (7) . Both correspond to a root-finding procedure for a scalar function (the yield function) of tensorial variable (the stress), which can be pursued with different numerical techniques, so that we have employed a bisection method. Regarding the 'find' at point (3), the zero of F is sought along the segment joining σ n with σ trial n+1 , while no directions are a-priori prescribed for returning on the yield surface from the stress state σ (0) n+1 at point (5) . We propose to find the zero of F σ Note finally that the presented numerical algorithm has the inconvenient typical of explicit methods, for which there is a small discrepancy at the end of the procedure, in the sense that the stress point lies on a yield surface which does not correspond to the updated values of hardening. A procedure alternative to the centre-of-mass algorithm is introduced in the next section.
3 The 'cutoff-substepping' integration algorithm
As an alternative to the forward Euler procedure with 'centre of mass' return correction introduced in the previous section, we propose an implicit integration scheme. Since the standard return mapping algorithm does not work in a zone of the stress-space, this zone can be delimited by introducing a cutoff plane orthogonal to the hydrostatic axis, so that a new algorithm can be set up in which the return mapping scheme is augmented of a substepping when the trial elastic stress falls within that zone. In particular, if the trial elastic solution σ trial falls on the same side of the plane as the starting point, the return mapping algorithm correctly converges (as demonstrated in Section 3.1), while, if it falls beyond the cutoff plane, an iterative subincrementation is performed, in which the strain increment ∆ǫ is subdivided and the return mapping is iteratively applied with successive updates of the BP yield function, so that, eventually, the entire initial step will be performed remaining within the correct stress zone.
The position of this cutoff plane depends on shape and size of the BP yield surface, see Fig. 4 , and can be determined as follows. 
The squared BP yield function and the cutoff plane
The squared BP yield function is obtained by squaring the terms in equation (3), so that its meridian part (divided by p c ) can be written as
The first and second derivatives of this function with respect to Φ are
and
respectively. Note that the squared BP yield function is differentiable (its first and second derivatives are defined everywhere), but, in general, is no longer convex and displays a so-called 'false elastic domain' (a nomenclature introduced by Brannon and Leelavanichkul [10] ), visible in Fig. 4 . For this reason, the Newton-Raphson algorithm
in general fails to converge. Nevertheless, it is possible to demonstrate that, for the squared BP yield function, a non-convex region exists in which the Newton-Raphson method still converges, despite the non-convexity. The region is delimited by the above-introduced cutoff plane, which position can be determined as follows. Φ b ,f (Φ b ) lie on the meridian function, so that it is possible to calculate in those points the tangents
Position of the cutoff plane
where a prime denotes the derivative with respect to Φ. If we impose that Φ a , 0 ∈ r b and Φ b , 0 ∈ r a , we obtain the following non-linear algebraic system
with the unknowns Φ a and Φ b ; these values, that can be calculated numerically, define the region [Φ a , Φ b ] in which the Newton-Raphson algorithm can be still used, even though the squared BP yield function is not convex. As a conclusion, Φ b is the value defining the position of the cutoff plane, to be used in the subincrementation scheme, as shown in Box 2 (note that Φ a is not needed, since in the integration algorithm the trial elastic stress always lies outside the elastic domain).
Box 2: The 'cutoff-substepping' integration algorithm (1) Given an initial state at step n, described by the variables σ n , ǫ e n , ǫ 4 The numerical performance: finite step accuracy
The numerical performance of the centre-of-mass integration technique has been tested by comparing results obtained for a prescribed finite step of deformation (taken in different directions in the hyperspace of symmetric tensors as elucidated in Table 1 ) with those obtained with the cutting-plane return-mapping technique [45] applied to the 'squared-version' of the BP yield surface, without subincrementation. In this way, it will become evident that for certain values of the trial elastic stress convergence will not occur for the latter algorithm.
The comparison between the two integration algorithms has been performed by assuming: Table 1 : Deformation steps ∆ε used for comparing the performance of the centre-of-mass integration algorithm with the return mapping, the latter performed on the squared version of the BP yield function.
• a form of the yield surface, namely, • linear strain-hardening.
Note that the above parameters have been selected to be representative of a concrete-like material and the linear-hardening elastoplastic model has been implemented as a Umat routine for Abaqus (Ver. 6.10).
The strain steps prescribed in Table 1 for testing the capability of the integration algorithms and the corresponding trial elastic stresses are reported together with the strain-space and stress-space representations of the BP meridian sections, respectively in the upper and lower parts of Fig. 6 , where θ is the Lode's angle, eq. (4) 3 . The trial elastic stresses in the deviatoric plane of the BP yield surface are reported in the central part of Fig. 6 .
Note that the prescribed trial stresses have been given so that, in all cases, exactly the 20% of its norm lies outside the elastic domain, σ trial = 1.2× σ y . Results, in terms of stress and plastic strain reached at the end of the procedure, are reported in Tab. 2 for tests 1 to 6, while results of the test 7 are reported in Tabs. 3 and 4. In addition to the two algorithms under testing, a so-called 'exact' result has also been included. This is obtained through successive subdivision of the strain increment into a sufficiently large number of subincrements to achieve convergence within a high tolerance (so that the relative error between the last two subincrements lies below 10 −6 ).
For the isotropic compression deformation path ('test 1') the return mapping algorithm fails to converge, as a consequence of the lack of convexity of the squared-version of the BP yield function, and therefore results are not reported in the table.
Iso-error maps have been plotted to display the error trend of the two algorithms in the stressspace for a set of different strain increments, chosen with the condition that the trial elastic solutions σ trial lie respectively in the meridian (denoted as t − n in Fig. 7 on the left) and deviatoric (denoted as m − n in Fig. 7 on the right) planes. Table 1 . Finite steps are prescribed in such a way that the norm of the trial stress exceeds by 20% the norm of the corresponding yield stress along the radial path from the origin to the trial stress.
The iso-error maps plotting ranges have been chosen as follows:
where σ y is the considered stress at yielding Figure 7 : Sections of the yield surface and local reference system employed for the construction of the iso-error maps.
Stress
Error Plastic strain Error Table 3 : Stress at the end of the finite step calculated with different algorithms for the strain and stress path 7 of Table 1 , graphically represented in Fig. 6 . Table 4 : Plastic strain at the end of the finite step calculated with different algorithms for the strain and stress path 7 of Table 1 , graphically represented in Fig. 6 .
Plastic strain Error
The iso-error maps are reported in Fig. 8-11 , assuming as yield stresses σ y those corresponding to the tests 3, 4, 5, and 6 of Tab. 1, graphically represented in Fig. 6 . It can be noted from Figs. 8 and 10 (bottom, left) that the centre-of-mass algorithm has a low accuracy when the yield stress σ y lies near the corner of the deviatoric section (see Fig. 6 , central part, tests 3 and 5) and the stress increment is not radial. On the other hand, the accuracy is high in both t − n and m − n planes, when the yield stress σ y lies near the flat parts of this section (see Fig. 6 , central part, tests 4 and 6), as shown in Figs. 9 and 11.
Comparison with semi-analytical solutions
Numerical results obtained by employing the proposed algorithms have been compared with semianalytical solutions of a simple compaction problem and a deformation of a green body. In particular, in Section 5.1, the forming of a thick perfectly-plastic layer of ceramic powder is considered, pressed against a rigid spherical cup, see Fig. 12a . Moreover, a thick spherical shell of a green body is considered in Section 5.2, subjected to an internal uniform pressure with a traction-free external boundary and expanded until collapse, corresponding to complete plasticization, see Fig. 12b . Due to the spherical symmetry of both the problems, it is possible in both cases to obtain accurate semianalytical solutions for the stress field by direct numerical integration of the equilibrium equations.
These benchmark problems, differing only in the boundary conditions, are used to check the accuracy and efficiency of the proposed algorithms. They represent only model problem simulations of industrial processes and cannot be considered fully realistic, since hardening (and therefore the evolution of the yield surface) is neglected, so that the increase in cohesion is not taken into account.
The problem of the expansion of a thick spherical shell is interesting in itself, due to the applications in geotechnics, and it has been previously solved under a number of hypotheses [24, 6, 11, 41, 48] , although never with the BP yield function. The problem of compaction of a layer of powder against a rigid cup was previously not addressed in analytically.
For both problems, the inner and outer radii of the shell are denoted with a and b respectively, while the internal pressure is Π, which is assumed to increase from zero to the maximum value corresponding to the full plasticization of the shell. Since the geometry shows radial symmetry, we assume a spherical coordinate system. The solution is known in the case of perfect plasticity with the Tresca yield criterion [24] , so that our objective is to generalize the solution to the BP yield criterion.
Due to the spherical symmetry, the stress and deformation depend only on the radius r. The Figure 12 : Geometry for the compaction of a thick perfectly-plastic layer of ceramic powder againt a rigid cup (a) and for the expansion of a thick perfectly-plastic spherical shell under internal pressure (b). In both cases, the boundary of the plasticized zone is represented by δ which moves from r = a to r = b at increasing internal pressure Π. The reference system and stress components are shown in part (c).
non-vanishing deformation radial azimuthal, and polar components are respectively
where u is the radial displacement. The compatibility equation is
while the equilibrium equation in spherical coordinates is
to be complemented by the boundary conditions. The elastic constitutive equations are
where E is the elastic Young modulus and ν the Poisson's ratio. The Tresca yield criterion coincides (under the current assumptions) with the von Mises criterion, which can be written as
where σ 0 is the uniaxial yield stress, while the BP yield criterion (1) writes now in the following form
The elastic solution. Using equations (22), (23) and (24) we obtain
This equation together with eq. (23) forms a system of ODEs, which can be solved exactly and the solution is given by
where C 1 and C 2 are constants to be defined through the boundary conditions. The associated deformation and displacement fields are obtained from (24) and (21) and read
5.1 Compaction of a thick layer of perfectly-plastic material obeying the BP yield condition against a rigid spherical cup
For the compaction problem of a thick layer against a rigid spherical cup, Fig. 12a , the boundary conditions write as follows σ r r=a = −Π,
where Π is the internal pressure. The material parameters defining the shape of the BP yield surface have been chosen to be representative of alumina powder , namely
Note that, since hardening and increasing of cohesion are neglected, we assume an initial state corresponding to an intermediate stage of a densification process.
The elastic solution
Initially the problem is purely elastic, which occurs when the internal pressure is sufficiently small, say, Π ≤ Π y , where Π y is defined as the inner pressure producing the initiation of yielding at the inner radius of the shell. The solution (28)- (30) together with boundary conditions (31), provides the following stress field within the thick spherical layer, a ≤ r ≤ b,
For the von Mises yield criterion, the critical yield pressure Π y is represented by the stress state satisfying |σ
and can be evaluated as
In the following calculations ν = 0.26 has been assumed. For the BP yield criterion, the critical yield pressure Π y corresponds to a stress state satisfying
so that Π y can be evaluated as the numerical solution of the above equation and it can be numerically shown that the plasticization starts from the inner surface of the layer, r = a.
The elasto-plastic solution
The elasto-plastic solution holds for an internal pressure Π > Π y , which implies both elastic and plastic deformation of the layer. The plastic flow starts from the inner surface of the layer and propagates within a spherical region with inner radius a and outer δ and moving toward b. The remaining part of the layer, namely, for δ ≤ r ≤ b, behaves as an elastic layer with inner radius δ and outer b, subject to an internal pressure Π δ at the interface with the plasticized zone.
Assuming that the yield pressure at the interface r = δ is Π δ , a generic yield criterion writes as
which provides a relation between δ and Π δ . For example, the pressure at the interface for the von Mises criterion can be obtained from eq. (35) imposing a = δ as
whereas for the BP criterion the pressure Π δ has to be evaluated numerically.
The solution for the elastic zone (δ ≤ r ≤ b) can be obtained from eqs. (32) and (33) where a and Π are replaced, respectively, by δ and Π δ which are given by (37) , so that the stresses become
Hence the elastic part of the solution is known as the relation between the radius δ and the pressure Π δ is known. The solution for the plasticized zone (a ≤ r ≤ δ) is obtained from the algebraic-differential system composed by the equilibrium equations (23) , the boundary conditions (31) , and the yield condition (25) or (26) (depending on the criterion assumed). This system writes as
which has been solved analytically for von Mises yield and numerically for the BP yield function. In particular, the system (41) admits for von Mises the following solution
and the relation between δ and the internal pressure Π writes as
which is a nonlinear relation. Once a fixed value of the radius δ, representing the amplitude of the plasticized zone, is chosen, it is possible to obtain the internal pressure Π and the stresses in every part of the layer, namely for a ≤ r ≤ b.
Results in terms of radial and polar stress components and the two stress invariants p and q are reported in Fig. 13 presented in the figure fully support the validity of the proposed numerical algorithms, which have given coincident results, superimposed on the semi-analytical solution.
The expansion of a perfectly plastic thick shell obeying the BP yield condition
For the problem of expansion of a thick spherical shell subjected to an internal uniform pressure, Fig.  12b , the boundary conditions are as follows
where Π is the internal pressure and the outer boundary is assumed traction-free. The material parameters defining the shape of the BP yield surface have been chosen to be representative of a partially densified ceramic powder, namely
The solution of this problem can be obtained with the same method as that described in Sec. 5.1, since only the boundary conditions are different. The elastic solution, valid until the internal pressure is sufficiently small, Π ≤ Π y , is given by
For the von Mises yield criterion, |σ e r − σ e θ | = σ 0 , the critical yield pressure Π y is obtained as
whereas for the BP yield criterion, the critical yield pressure Π y is obtained by solving eq. (36) and it can be numerically proven that the plasticization starts from the inner surface of the shell. The elasto-plastic solution holds for an internal pressure Π > Π y , which implies both elastic and plastic deformation of the shell. The plastic flow starts from the inner surface of the shell and propagates within a spherical region with inner radius a and outer δ and moving toward b. The remaining part of the shell, namely, for δ ≤ r ≤ b, behaves as an elastic shell with inner radius δ and outer b, subject to an internal pressure Π δ at the interface with the plasticized zone.
The relation between δ and Π δ is obtained by solving eq. (37) . For the von Mises criterion Π δ is obtained as
whereas for the BP criterion the pressure Π δ has to be evaluated numerically. 
The solution for the plasticized zone, a ≤ r ≤ δ, is obtained from the algebraic-differential system (41) . This system has a solution with closed form for the simple case of von Mises yield criterion; in this case the stresses take the form 
and the relation between δ and the internal pressure Π writes as Π = 2 3
Once a fixed value of the radius δ representing the amplitude of the plasticized zone is chosen, it is possible to obtain the internal pressure Π and the stresses in every part of the shell, namely for a ≤ r ≤ b.
Results in terms of radial and polar stress components and the two stress invariants p and q are reported in Fig. 14 as functions of the through-thickness radius (divided by the mean radius r m = (a+ b)/2 of the thick shell), together with the numerical results obtained with the two proposed algorithms. Three different plastic boundaries δ have been considered (corresponding to the 28%, 55% and 86% of the thickness) for both von Mises and the BP yield criterion. Again the two proposed algorithms have given coincident values, superimposed with the semi-analytical solution, thus confirming once more the validity of the presented numerical approaches. 
Conclusions
Two different algorithms have been presented for the integration of elastoplastic constitutive equations based on the BP yield function (useful in simulating forming of ceramic powders, deformation of granular bodies and, more in general, damage and failure of rock-like materials). One of the algorithms is based on a forward Euler scheme and the other on a return mapping technique with substepping. Though the former method is in some cases faster, the latter combines accuracy with efficiency and is eventually preferred.
